In this paper, we study the following p-harmonic problem involving the Hardy term:
Introduction
The main purpose of this paper is to show the existence of infinitely many solutions for the following p-harmonic equation:
where is an open bounded domain containing the origin in R N , the boundary ∂ is
∂ ∂n is the outer normal derivative.
Nonlinearity f (x, u) satisfies the following conditions:
(f  ) f (x, u) is continuous on × R and limits subcritical growing at infinity; that is, Obviously, for any λ ∈ [, λ),
A weak solution of the problem (.) is a critical point of the energy functional
where
It is easy to check that I(u) is a continuous even functional. Biharmonic equations can describe the static form change of a beam or the sport of a rigid body. For example, this type of equation furnishes a model for studying traveling wave in suspension bridges (see [] ). By using variational arguments, many authors investigated nonlinear biharmonic equations under Dirichlet boundary conditions or Navier boundary conditions and got interesting results (see [-] 
where is an open bounded domain in R N with a smooth boundary ∂ . p > , N ≥ p +  and f : × R → R is a Carathéodory function such that for some positive constant C,
By means of the Morse theory, they proved the existence of two nontrivial solutions to (.). 
a(x, t) and f (x, t) are odd with respect to the second variable. Furthermore, f (x, t) is subcritical and satisfies the Ambrosetti-Rabinowitz condition, that is, there exists a constant θ > p such that
The aim of this paper is to obtain infinitely many solutions for the problem (.) when p < N . The main difficulty lies in the fact that the embeddings W This paper proceeds as follows. In the next section, we prove the energy functional I(u) satisfies the Palais-Smale condition. In Section , by using the symmetric mountain pass theorem (see [] ), we get the main result of this paper. Throughout the paper, denote
We use u q = ( |u| q dx) /q to denote the norm of L q ( ), C, C i stand for universal constants. We omit dx and in the integrals if there is no other indication.
Palais-Smale condition
To show the (PS) sequence {u n } of the variational functional I(u) is compact in W ,p  ( ), we first prove the boundedness of {u n } by the analytic argument which has been used in [] . Then, using the concentration compactness principle, we get the compactness of {u n }.
Lemma . The condition (f  ) implies that for any ε > , there exists a positive constant C ε such that 
Proof We prove this lemma by contradiction. Without loss of generality, we assume that
If w ≡ , we denote  = {x ∈ : w = }, set \  is nonempty. (.) implies that
Therefore,
Using (.) and (.), we derive that
From (.) and (.), we get
From (.), it follows that u n p * → +∞ as n → +∞. Denote
where M is any fixed positive constant. It is clear that
Therefore, for n large enough, A n / u n ∈ (, ). For every n ∈ N, we define a sequence of t n as follows:
We claim that
In fact, by (.)-(.) and the definition of t n , we have
If A n → +∞ as n → +∞, then (.) follows from the above estimate. If A n is bounded for any n, that is, there exists a constant K >  such that A n ≤ K , then
as n → +∞, http://www.journalofinequalitiesandapplications.com/content/2013/1/9
where we use the fact that w n  →  as n → +∞. The positive constant ε is arbitrary, thus
(.) follows from the above inequality. From (.), we know that
By the definition of t n , we obtain d dt I(tu n )| t=t n =  and t n ∈ [, ], then |t n u n | ≤ |u n |. The condition (f  ) and (.) derive that
Which is a contradiction to (.). Therefore, the sequence {u n } is bounded in W
Under the conditions of Lemma ., we know u n ≤ C. Therefore, there exists a subsequence, still denoted by {u n }, and some u ∈ W ,p  ( ) such that
Obviously, u is a weak solution of (.). Now we prove that u ≡ . According to the concentration compactness principle (see [, ]), there exists a subsequence, still denoted by {u n }, at most countable set J, a set of different points {x j } j∈J ⊂ \ {} and two positive number sequences {μ j } j∈J∪{} , {ν j } j∈J∪{} such that 
( ) and satisfies (.). Then the set J
Proof We first prove that μ j =  for any x j ∈ J.
Let ε >  be small enough such that  / ∈ B ε (x j ) and
we deduce that
By Hölder's inequality,
Using (f  ), (.) and (.), we have
By the above estimates, (.) becomes
Therefore, for any j ∈ J, μ j = , which implies that J is finite. http://www.journalofinequalitiesandapplications.com/content/2013/1/9
If the concentration is at the origin, let
Similarly, we can get
From equalities (.)-(.), we get
On the other hand, 
Since ϕu n → ϕu a.e. in , we get that
Similarly,
By using the Lebesgue decomposition theorem, we have Proof We first prove that
Then, by using a finite covering theorem, there exist finite open balls B r/ (z i ), with
The sequence {η ε,y u n } is still bounded in W ,p  ( ). Define Remark . All the results obtained above obviously hold if we choose f (x, u) = |u| q- u + |u| r- u with p < q < r < p * .
